Multiplication
Methods

A collection of some methods for doing
multiplication that have been devised and used in
previous times.



Notes on Multiplication Methods ~ 1

All of the methods given here are written methods.

For an additional account of some mechanical methods see under 'Artifacts for
Mathematics' (in the trol menu) where the material for making, together with instructions for
using: Napier's Rods, Genalille's Rods and a Slide Rule, are to be found.

At the back of this unit are some sheets of multiplication tables.
The first is simply eight copies of a basic 1 to 9 multiplication square, which makes it easy
to provide everyone with their own personal copy when those facts are needed. Needing
to “know their tables” should not be made an issue in this work.

The second, ‘A Book of Multiplication Tables’ is much more complicated to make. First of
all it requires some care with the double-sided photocopying needed. Check that the crosses
in the middle of the two sheets match (within 2 mm if possible), and also that the 94 x table
does back the 89x table (and NOT the 65x).

The sheet has then to be folded in half three times. Do not rush this stage. Press the folds
down well with some hard object (ruler or pen). The dotted lines are only a guide, the
important thing is to match up the edges of the paper each time, and see that the dotted
lines are on the inside of the fold. The titled front cover should always be on the outside
of the fold.

A staple through the last fold (the hinged edge) and three cuts along the outer edges with
a guillotine will complete the process. It is nowhere near as difficult as it sounds!

An alternative cover for the booklet is provided. This will have to be cut and pasted onto the
master copy before the photocopying is done.

All of this would only be worthwhile if the tables might be used in some other work.

These same tables are also available in a straight sheet format if wanted. They can be
found in the ‘Division’ unit (in the trol menu).

It must be emphasied that there are many more ways of doing multiplication than those
given here, though most of them are merely variations on a general theme. The ones
suggested in this unit are those considered to offer the most useful insights into the historic
development of this particular piece of arithmetic so some might appreciate that

“No, it hasn’t always been like that!”

Exactly how any or all of this material is used will be, as always, a matter for individual
teachers to decide and plan for.

It can be surprising to see the lengths to which mathematicians and other professional
users of mathematics have gone to over the centuries to simplify the multiplication process.
But remember that even so great a mathematician as Leibnitz (1646 to 1716) who invented
the calculus said

“It is unworthy of excellent men to lose hours

like slaves in the labour of calculation.”
(A feeling which many of our pupils share!)
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Notes on Multiplication Methods ~ 2

Using Doubling and Halving
1. The Ancient Egyptian Method

This is probably the oldest of all the written methods. It is of some interest because of
its links with the binary form of a number, and also because of the simplicity of the idea - it
needs only an ability to be able to multiply by 2 and add.

However it should also be appreciated that in those days (1000 BC or so) such things
were not for ‘ordinary folk' who would have had no need of such a skill. It was very much the
preserve of professionals such as astrologers, architects and mathematicians.

2. The Russian Peasant Method

This method was more widely used than its name might imply. It was in fact taught and
practised throughout Europe for quite some time. It is a less demanding algorithm than the
previous one since the numbers to be crossed off are easier to identify. It is interesting to
write them side by side and see how they are doing the same thing. The link of course is
the binary system underlying both.

1 268 43 268
2 536 21 536
—A4——1072- —10—1072
8 2144 5 2144
—16——4288- —2—4288—
32 8576 1 8576
43 11524 11524
Using the Gelosia Method
(Pronounced jee - low - see - uh) 2 6
Any analysis or explanation of why this method works is probably best 2 3
linked to looking at the place values of the different figures involved. 8 4
The worked example from the sheet is shown on the right. 1 2
6 8
The lower diagram replaces each of the the figures in the top diagram with
its place value, using the usual notation of H T U, with the addition of Th for H T
thousands. The neat way each place value falls into line along the diagonals
makes it very clear why the method works. It also makes it very apparent why Th H
zeros must be included in the numbers when necessary. Th H
It is easy to extend the diagram to cover tens of thousands and upwards H T
or, tenths, hundredths, thousandths and so on downwards, and thus show H T

why placing the decimal point works as it does.

This method almost certainly originated in India, as did so much of our arithmetic.
From there it spread outwards to China, Persia and the Arab world. It reached Europe
through Italy where it first appeared in the 14th century.

The name 'gelosia’ was givento it in Italy since the necessary grid resembled the
lattices or gratings (= gelosia) which were made in metal and fastened in front of the
windows of the houses for security.

It has been claimed that Napier got the idea for his rods from this method. Whether
or not he did, the possibility can clearly be seen. In fact, multiplication tables and a
knowledge of place value could be dispensed with by using the two methods together.
Once the grid has been drawn, a set of Napier's Rods would provide all the needed
answers to complete it, and the final addition would be the only arithmetic necessary.

One practical point. Do not slow things up by drawing precisely ruled grids. It is
quite sufficient to write down the two numbers (adequately spaced) and sketch the
grid around them free-hand.
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Notes on Multiplication Methods ~ 3

Using Quarter Squares

The reason why this method works can only be justified by the use of algebra.

It can be shown that (a + b)z (a — b)z
= T4 T T4
Given a and b are the two numbers to be multiplied together, and the two terms
on the right are quarter squares (as defined on the sheet) then the algorithm follows
from the above identity. And (provided the requisite tables are available) multiplication
has been replaced by one addition and two subtractions without need for any
multiplication facts to be known or found.

In passing it is of interest to consider (and prove) why
the remainder can be disregarded.

Note that this method is completely accurate in giving all the figures possible in the
final answer. Its big limitations are that

(a) a set of tables is needed and,

(b) the size of the numbers it can handle is constrained by the size of
the tables (which has to cover the sum of the two numbers being
multiplied).

The second limitation is not too bad. The sample sheet included here goes to 600,
so it is easy to visualize the smallish book which would be needed to reach 100,000.
That means an accuracy of 4 significant figures (or better) which should cover most
practical needs. Approximations allow the tables to be used for larger numbers.

The method was used (but how widely is not known) and the necessary tables to
enable this were published in the late 1800’s.

Using Logarithms
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This is a much simplified version of what was once taught in the classrooms of every
secondary school. The words ‘characteristic’ and ‘mantissa’ do not appear, and only
numbers greater than 1 are dealt with to avoid that very troublesome negative
characteristic.

Also only 3-figure tables are used and the customary difference table does not
appear. However, the essentials required to give a glimpse of what was done are there.
In modern terms this could be called “Logarithms Lite”.

The characteristic which is so necessary to control the place value has been replaced
here by the e-notation. This is the notation introduced by the IEEE (= Institute of Electrical
and Electronic Engineers) and used in all computer work. Gaining an acquaintance with
this notation might be regarded as a valuable by-product of this piece of work.

One of the inadequancies of 3-figure tables is very apparent once the numbers go
beyond 5.0 when many of the logarithmic values are repeated. This cannot be avoided
without moving on to 4 or 5-figure tables.

Sheet 1 does not require any knowledge of the characteristic as the examples are
chosen so as not to go beyond the range of the table. Also there are no ambiguous
values for the logarithms.

Sheet 2 introduces the idea of the e-notation.

Some help might be needed with the business of using the tables, first in finding the
logarithm from the number, and then the much more difficult matter of reversing that
process.

Further work could be done with numbers less than 1 and division.



Using Triangle Numbers

Notes on Multiplication Methods ~ 4

This method has the big advantage that it can be easily explained or justified diagrammatically,
without any recourse to algebra, except for the generalisation at the end. For this purpose it is
better to change the conventionally drawn triangle numbers (as equilateral triangles) into right-
angled triangles. The appropriate drawing for T, is shown on the right.

We will do the sum 8 x 3 using five diagrams.

1.

The sum 8 x 3 requires
the number of objects
making this rectangle to
be counted.

2.
First make the triangle
number which matches
the longest edge.

In this case itis T,

8
4.
Triangle removed was T,
or Ty leaving this 3
incomplete rectangle
8
Physically we have shownthat 8 x3 = 36 — 15
= TB - T5
= T8 T(8—3)
Which generalises to axb =T, T
Rearranged for the algorithm axb=T + b-1)

Complete the rectangle
with smallest possible
triangle (shown in black).
In this case T, or T

+

+

T(3 -1

T(b -1

(a—b)

Another approach to using
triangle numbers is implied by
this diagram which leads to a
different algorithm.

a+b

any polygon numbers).
The identity

3.
Cut away the triangle
(shown in black) which is
above the size of the
rectangle.

In this case it is T

@-1

A similar thing can be done using square numbers (or indeed

(a+b)2=a%+b%+2ab
which is illustrated on the left can be rearranged to give ab =
and the required algorithm can be produced from that.
Atable giving the values of square numbers S is available.

Though interesting, and illuminating, to see how these work they were never more
than mathematical curiosities, and (unlike the method of quarter squares) there appears
to be no evidence that they were ever used in any practical way. One advantage this
method does have over quarter squares is that, in this case the largest number in the
tables is also the largest possible multiplier.
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Multiplication using Doubling and Halving

1. The Ancient Egyptian Method
Consider thesum 268 x 43

First write out two columns of numberssideby side. 1 268
Theleft-hand column startswith 1. 2 536
Theright-hand colum startswith thelar ger of thetwo numbersbeing multiplied (268). 4 1072
The columnsareformed by doubling each of the previous numbers, stopping only 3 2144
when thefigurein theleft-hand columnwould becomebigger than (or equal to) the 16 4288

other number being multiplied (43).
Thefinal result would be asshown ontheright. 32 8576
Take careto keep the columnslined up, both vertically and horizontally.

Thenext stlageistolook at theleft-hand column and find the numberswhich are needed

to add uptothevalueof thesmaller multiplier (43). 1 268
Inthiscasethe necessary setisl1+2+8+32=43 2 536
(Note that the bottom number should always be needed, and it A 1072
is best working backwards from that, subtracting as you go.)
Crossout al the numbersin that column not needed together with the numbersinthe 8 2144
right-hand columnwhich areonthesamelevd. 46— 4288

Finadly, add up the numbersin the right-hand column which have not been crossed out. 32 8576
That istheanswer. The completed sumisshown ontheright.

S0, 268 x 43 = 11524 43 11524
Try these, using the Ancient Egyptian method.
26 x 314 41 x 61 71 x 213 55 x 97 32 x104 251 x 21
2. The Russian Peasant Method
Consider thesum 268 x 43 43 268
First write out two columnsof numberssideby side. 21 536
Each column startswith one of thetwo numbersto be multiplied. (43 and 268) 10 1072
Make one column by doubling each of the previous numbers. 5 2144
Makethe other column by halving each of the previousnumbers, > 4288
ignoring any remainders, and stoppingat 1.
(It is best to make the halving column under the smaller of the two multipliers) 1 8576
Thefina result would beas shown ontheright.
Take careto keep the columnslined up, both vertically and horizontally.
Thenext stageistolook at thehalving columnand find all theeven numbers. 43 268
Inthiscasethey are 10 and 2 21 536
Crossout the even numbersinthat columntogether with thenumbersintheright-hand 101072
columnwhichareonthesamelevd. 5 2144
Finally, add up the numbersin theright-hand column which have not been crossed out.
That istheanswer. The completed sumisshown ontheright.
So, 268 x 43 = 11524 1 8576
11524

Try these, using the Russian Peasant method.
24 x 316 30x54 63 x 81 128 x 231 71 x 483 327 x 45
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Multiplication using the Gelosia Method

Consider the sum 268 x 43 (That is3 digits x 2 digits)
Sketch agridlikethat on theright, and place the two numbersas shown.

Next, dothesx sngle-digit multiplicationsformed by matching the separate

numbersacrossthetop with those on theright-hand edge.

2x4 6 x4 8x4

Inthiscase, it meansdoing the six sumsshown on theright >x3 | 6x3 | 8x3

and theanswersto those multiplicationsarewritteninthe
appropriate boxesof thegrid for each number-pair.

2 6 8 X
No answer can have morethan two digits. (tensand units) 2 3
Any tens(L.H. digit) arewritten abovethediagonal line, 8 4 2 4
Theunits(R.H. digit) arewritten below the diagond line. (It may bezero) 1 2
Thecompleted grid should look likethat ontheright. 6 8 4 3
2 6 8 X

Thefinal answer isproduced by adding (theresults of themultiplication only)

along thediagonals, working fromright to left, and carrying figures as 2 3 4

necessary, and thisisshown ontheright.

6 8 4| 3
Ve e e e Ve
1 1 5 2 4
S0, 268 x 43 = 11524
Try these, using the gelosiamethod.
386 x 24 758 x 34 76 x 89 402 x 31 999 x 78 478 x 219
Decimal pointsaredealt withvery smply.
Consider thesum 2.68 x 4.3
Work exactly asbeforewith 268 x 43 and then put the
two decimal pointsinthose numbersonthevertical and 2 * 6 8 X
horizonta linesrespectively.
Follow thosetwo linesinto thegrid until they meet, and g ! 2 4 3 > 4
then, moving down the diagonal linefrom there, put the — —~—— =0
. g 1 2
decimal pointintheanswer. 6 3 4 3
All of thiscan besseninthediagramontheright by following P
thearrows. 1 1 . 5 2 4

S0, 2.68 x 4.3 =11.524

Try these, using the gelosiamethod.
First, by using thegridsalready created in the previouswork, write down the answersto these:

3.86 x 24 75.8x 3.4 7.6 x 89 40.2 x 31 9.99 x 78 47.8 % 2.19
andthen dothese:

12.3x4.6 7.32 %18 508 x 3.7 0.617 x 3.8 0.059 x 23 0.074 x 0.038
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Multiplication using Quarter Squares
The sheet headed Values of Quarter SquaresQ, isneeded

Thequarter squareof anumber, isthevaueof that number multiplied by itself
and then divided by 4, ignoring any remainder (if thereisone).
Examples
Thequarter squareof 2is 2x2+4=4+4=1
3is 3x3+4=9+4=2rem1whichbecomes?2
5is 5x5+4=25+4=6rem1whichbecomes6
and so on.

Quarter squares would be of little use for the purpose of simplifying
multiplicationif they had to beworked out each timethey were needed and
soatableisusedtolook up their values.

L ook at the sheet: Values of Quarter Squares and confirm that the quarter
squareof 413is42 642 (or 42,642 if preferred).

Having such atable enables usto change amultiplication suminto amuch
simpler matter of addition and subtraction.

Condderthesum 268 x 43

First add them: 268 + 43 = 311 and find the quarter square of that =24 180

Then subtract them: 268 — 43 = 255 and find the quarter square of that = 12 656

Finally, subtract the quarter squaresto get thefina answer =11524
and 268 x 43 =11 524

It could beset out something likethis:

268
x 43| Q

+ 311 | 24180
~ 225 | 12656 -

11 524

Try these, using the quarter squares method.
245 x 32 286 x 45 364 x 123 74 x 36 376 x 21 443 x 157
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Multiplication using Triangle Numbers
The sheet headed Values of Triangle NumbersT  isneeded

T, =15

Trianglenumbersarethosethat can be madein theway shown abovewhere

thefirst fivearedrawn.

Theactua vaueof any triangle number can beworked out using
T=nx(n+1)+2

T,=3 T,=6 .= 10

Example
Thevaueof thetrianglenumber for8is: 8 x (8+1)+2=8x9+2=36

Triangle Numbers would be of little use for the purpose of simplifying
multiplicationif they had to beworked out each timethey were needed and
soatableisusedtolook up their values.

L ook at the sheet: Valuesof Triangle Numbersand confirmthat thetriangle
number corresponding to 413 1s85 491 (or 85,491 if preferred).

Having such atable enables usto change amultiplication suminto amuch
simpler matter of addition and subtraction.

Consderthesum 268 x 43

Find thetriangle number corresponding to thelarger (268) =36 046
Subtract 1 fromthesmaller (43 -1=42) andfinditstrianglenumber =12 656
Addthosetwotriangle numbers =36 949
Subtract the two multiplying numbers (268 - 43 = 225)

and find thetriangle number for that =25425
Subtract that from the previousresult to get thefinal answer =11524

and 268 x 43 =11 524
It could be set out something likethis:

Tn
268 36 046
43-1=42 903 +
36 949
- 225 25425 —
11 524

Try these, using thetriangle numbers method.
213 x 87 367 x 42 179 x 53 485 x 132 593 x 341 259 x 34
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Multiplication using Logarithms ~ 1
The sheet headed Values of LogarithmsL  isneeded

Wewill not concern ourselvesherewithwhat logarithmsare, but only how to
usethemfor multiplication. (They can dsobeusedfor divison.)

Firg of dl, every number hasalogarithm associated withit and that association
isunique. In other words, given any number it hasonly onelogarithmand, just
asimportantly, given any logarithm it can only represent one number.

Wewill start with avery smpleexample of how weuselogarithms.
Consider thesum 2 x4
To usethetableof logarithmswe need to seethisas 2.00 x 4.00
From thetablewe can find that 2.00 hasalogarithm of 0.301
and that 4.00 hasalogarithm of 0.602
Thenwe ADD thetwo logarithmsto get 0.903
That istheanswer to thesumbut, itisalogarithm, soweneedtofind
what number it represents.
Using thetable (in reverse) showsthat 0.903 isthelogarithm of 8.00
S02.00 x 4.00 =8.00 (Hardly asurprise, but good to seeit works.)

Now consider the much harder sum 2.15 x 3.62

Wefindthelr logarithmsare0.332 and 0.559 and these add t0 0.891

Thelogarithm 0.891 matchesthenumber 7.78
S02.15%x3.62=7.78

It could be set out something likethis:

N L,
2.15 | 0.332

x 3.62 | 0.559 +
7.78 | 0.891

Thefull answer should havebeen 7.783 but it must berecognised
that thevery smplified tableweareusing isnot capabl e of that
sort of accuracy. Wewish only to establish how logarithmsare
used and, for most practical purposes, thisaccuracy isadequate.

Try doingthese, usinglogarithms

2x3
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3x3 1.92 x 3.36 5.18 x1.45 3.55x1.29

4.07 x 1.93



Multiplication using Logarithms ~ 2

Noticethat thetable of |ogarithms coversonly numbersfrom 1.00 t09.99 and that istruefor al tables
of logarithms. For greater accuracy it might be 1.0000 t0 9.9999 but the principleisthe same. So now
we consider how to adapt all numberstofit thetablesand see how powerful thistool isin handling all
multplications.

For thiswe need to befamiliar withaparticular way of writing numberswhichfirst setsthem down as
avaluebetween 1 and 10 and then putsenough x 10'safter them so they would berestored to their
correct value.
For example43 canbewrittenas 4.3 x 10
268 canbewrittenas 2.68 x 10 X 10
Thereisaspecia notation used for thiswhich writesthe above numbersas
4.3el and 2.68e2 respectively

wherethe number after the'e showshow many 10'sare needed.
Or it can be thought of asthe amount that the decimal point must be
moved to the right to restore the correct value.

Now whenwelook up thelogarithmsof 4.3 and 2.68 wereplacethe 0 on thefront with the e-number
(if thereisone).
So that thelogarithm of 43 (log 4.3 = 0.633 withe= 1) becomes 1.633
andthelogarithm of 268 (log 2.68 =0.428 withe=2) becomes 2.428
Thenweadd thetwo logarithmstoget  4.061

Remembering thisstandsfor alogarithm of 0.061 withe=4
We next find 0.061 in thelogarithm tablesand seethat it correspondsto the number 1.15
With e=4 wemust multiply by 10, 4 times

1.15x 10 x 10 x 10 x 10 = 11500

Moreaccurately 43 x 268 = 11524

But we can write 43 x 268 = 11500 (to 3 significant figures)

It could be set out something likethis:

N L
43 | 1.633

x 268 | 2.428 +
115 | 4.061

Try doingthese, using logarithms
37 x 26 45 x 78 274 x 63 517 x 842 65.4 x 173 3610 x 904
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