Division

The generally accepted hierarchy of difficulty for the 4 basic
operations of arithmetic is (from easiest to hardest): addition, subtraction,
multiplication, division. When it is noted how heavily the last is
dependent upon the previous two, it is clear why so many (most?)
pupils leave school unable to do division without the aid of a
calculator.

This unit is not concerned with the actual introduction and
teaching of how a division algorithm is carried out but only with
providing working material which is structured in a way that
progresses very gradually from the very easiest to the quite
difficult.

Three assumptions that are made are:

 that pupils are learning to use a 'traditional’ division
algorithm;

 that pupils do not know their tables, but can use a
multiplication table when it is provided,

 that pupils can do subtraction with a good degree of
accuracy.



Background

Thesymbols +and/ arethe main onesused toindicatedivision, so 6 + 3 and 6 / 3 mean the samething.
+ isusedinwritten and printed work, and also on acalculator.
/ isusedin computing.

Thesymbol — asin g can beincluded sincethat isitsultimate meaning in that Situation.

Thesymbol : wasonce used to mean division (and + meant subtraction) but inthe mid-1600's English
mathemati cs adopted the symbol we know and usetoday*.

Continental Europeretained (and still uses) : tomeandivision.

English mathematicsretained : inone particular place; using it to show ratioasin 6 : 3 which can be
considered asaformof division.

Insayingit therearemany variationssuch as(al meaning 6 + 3)

“gx divided by three’

“sx shared by threg”

“thressintoSx”

“how many threesinx?’

and every teacher can add to that list.

Thefirst two are*better’ than the second two sincethe order of the numbersismaintained and thismay go
someway to obviating one of thecommon errorsfoundinlater work. But languageintheclassroomisaways
amatter of balance between * correctness and ‘ understanding’ . No, they areare not mutually exclusive, but
too much emphasison one can resultin someloss of the other. Teachers haveto be negotiatorsal so.

A commonly-found error iswhen apupil hasdecided that division hasto be done and then proceedsto divide
thelarger number by the smaller regardless of what wasactually required. (Thesameisseenin subtraction.)
Onehasevery sympathy with thisinterpretation, becausewhen you consider how thetopicisintroduced, and
what most (all?) of the practice consistsof, it iseasy to see how it arises. But that does not makeit right.
So, oneimportant point that needsto made at sometimein any pupil’sarithmetic development isthat division
ISNOT commutative.

Addition IScommutative; 6+3=3+6 order doesNOT matter
Multiplication IScommutative: 6x3=3x6  orderdoesNOT matter
SubtractionisNOT commutativee 6—-3#3 -6 order DOES matter

DivisonisNOT commutative: 6+-3%Z3+6 order DOES matter

Clearly thisisnot something to bother about inthebeginning, or it will belost asjust
onemessage among many others (information overload) but it must comeat some
time

* Thesymbol + isknownasan obelus
Itisavery old symbol but wasnot used to indicate division until
the Swiss mathematician Johann Rahnfirst did soin 1659.
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The naming of the parts

In order to detail the structure of the work given on the various sheets, it is necessary to make clear the
meanings of thedifferent technical termsused. Thisismost easily doneby labelling al the partsof atypical
'long divison' sum. Herethesumbeing doneis

9476 + 58 (dividend + divisor)
Noticein particular the partia-remainderswhich aretheresults of the subtraction sumsbeing doneat
various stages. These partial-remainders, together with the subtraction sumleading up tothem, are
important in making an assessment of theoverdl difficulty of any particular divisonsum.

quotient —><l 76 3> rem <2:2><— remainder

divisor _><5:8>) <974 :7 6><_ dividend

5 8
. . M AN
partial-remainder — \376/ 7
3 4 8
. : 1 O
partial-remainder — \179/ 6
1 7 4
/272\ .
« partial-
L nan
remainder

Unfortunately, theword 'quotient’ hastwo meaningswhich overlap.

1. The quotient s the result given by the operation, or process,
of division.
In the example above, the quotient is: 163 rem 22

2. The quotient is the whole number part of the result given by
the operation, or process, of division.

In the example above, the quotientis: 163

(Notice that implicit in definition 2 is the fact that the remainder is not really a whole
number but, more properly, is a fractional part. This is seen more clearly if the
division is continued after inserting a decimal point in the answer line.)

Of course, thesetwo meaningsmergeif thereisNO remainder.

Itissuggested that, at the elementary level, theword 'quotient’ isnot used, but
only theword'answer' which conformsto ‘quotient 1', and removesthe possibility
of ambiguity. Should there beaneed to refer to the * whole number part’ of the
answer, thenit could benamed injust that way.

Theword'quotient’ will not be used inthese notes.

The choice of wordsto be used with pupils must beamatter of discretion and
totally dependent upon the environment. For example, 'divisor' isagood short
word but, ‘the number you aredividing by'ismuch moreuser-friendly.

Theterm‘partial-remainder’, asidentified above, isintroduced hereonly asa
helpindedingwiththeandyssof thedivisonagorithminuse.
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Varieties of Division

‘Short’ or ‘Long'?

Theterms*shortdivison’ and‘long divison’ areoften used. Thisunnecessary and can be confusing.
Leaving asideperiphera distractionsof historica methods(theltalianisafavourite) only onebas cagorithm
istaught in general. How that ishandled varies. If the appropriate multiplication tableisknown and the
intermedi ate subtractions can be done mental ly, then the only writing that needsto be doneisto record the
answer. (Whether the partid-remaindersarewrittenin or not isirrdlevant.) Sothedivisonsum 87934 + 7could
look likethis 1 2 5 6 2

7)8 7 39 43 14
anditisnot unreasonableto classthisas‘ short divison'.
Itisincontrastto 9746 + 58 (doneon the previous page) whichisclearly intheclassof ‘long division’.
However, it must be seen that thea gorithm driving both of thesesumsisthesame. Itisonly initsimplementation
that thedifferencearises, and thisisentirely dependent upon the knowledge and skills of the user. So the shift
fromdoing‘ short divison’ todoing ‘longdivison’ canvary considerably betweenindividuas. Toaccommodate
that itisbestif only theword ‘division’ isused and the techniques of application allowed to arisein their
practice.

Typesof Division
Dividing onenumber by another number issmply 'division'.
However, if named quantitiesareinvol ved then two typesof division are recognised.
Partition A partitionisadivisioninwhich both thedividend and divisor have different names.
Quotition A quotitionisadivisioninwhich thedividend and divisor have the samename.
Examples
20 + 5isadivision
Dividing (or sharing) 20 apples among 5 people is a partition.
(20 apples+ 5 people) or (apples+ people)
Finding out how many 5 cm lengths can be cut from a piece of string 20 cmlong
isa quotition.
(20cm+=5cm) or (cm+cm) or (length + length)

Doesit matter?

For teachersit certainly ought to be known, becauseit hasbeen observed that when division problemsare set
inacontext, which amost inevitably meansusing named quantities, quotitionsarelesseasily resolved than
partitions - even though the numbers may bethe same. In other words, it isnot the division processitself
which causestheproblem, but infirst deciding that division isappropriate, and then deciding which hasto be
divided by what.

(For anecdotes concerning this see Appendix 1)
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Division
TheDifficulties

Thedifficultiesintheactual doing of adivision sum, even when the a gorithm has been properly mastered,
ariseintwo principal aress.

Thefir st isthe demandsupon knowing, or being ableto generate, the appropriate multiplication table, or else
having the ability to estimate and try out various multiplesof thedivisor. To overcomethisand encourage
practiceintheuseof theagorithmitsalf, thework set out inthisunit hasal of thedivisorslimited totwo digits,
and all the multiplication tablesfrom 4 to 99 are supplied. Thetwo master-sheets provided can be copied
back-to-back on asingle sheet, and thereisawideinner margin so that the sheet can befitted into abinder.
Each pupil should have hisor her own sheet. Thesetablesare also availablein theform of asmall booklet
(which hasto be made up) and can befound under *Multiplication Methods' inthetrol menu

Thesecond difficulty isthedemand for the many subtractionsthat haveto be carried out. Thereisno easy fix
for this, but it must bebornein mind, both in designing thework andin analysing errors. A hierarchy of sums
can beidentified ranging fromthe‘very easy’ tothe ' quite hard’ . Some examplesof this, are shown below.
(Each 3 by 2 block representsaparticular subtraction sum.)

259 8 76 4 8 3 358 6 4 3 574 4 07
134 8 69 456 27 4 175 4 89 268

They areinorder of increasing difficulty fromleft toright. Thefirst isstraightforward. The second would need
alittleextrawork if doneformally, whichever method isused** but can be doneeasily by ‘ countingon’.
Now it isnot possibleto produce many division sumswhich arelimited to having only those two types of
subtraction, besidesbeing very unreal in practical terms. So, afew to get started maybe, but most of thework
must involve subtractionsof increasing difficulty. Themessageisclear: no pupil should bedoing thiswork who
doesnot have some competence and confidencein subtraction. Notethat the partial-remainderscan only be
used asafirst rough guideto a$e§ ng tge probable order oBdiHi cylty of any divisionsum, but must beused
with discretion. Consider, 12 3 34 7

456 456

both produce the same answer (the partial-remainder) but the second ismuch harder that thefirst

** Informal subtraction sumstherearetwo methodsgenerdly inuse. Oneisknownas
equal addition (thisistheonewherewordslike‘borrow’ and ‘ payback’ arise)
and the other isthat of decomposition.

A common mistakeisthe‘missng zer o syndrome' . Thisariseswhen, during the course of doing adivison
sum apoint comeswherethedivisor issmdler that the number that iscurrently being attempted. To understand
how this particular mistake comesabout, try thesum
61153154 + 12
and see how the (wrong) answer 59697 isproduced.
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Introductory Work

Thereisamiscellaneous set of tables, printedin alarger type-face. These can be used to make an ohp dide.
With thison view, perhaps exposing only the table needed at thetime, various exampl es can beworked
through ontheboard. A possibleintroductory sequenceisoutlined below. Only afew examplesaregiven
heretoillustrate various points. In practice morewould be needed, but they are easy to generate, and the
small (sngle-digit) divisorsguarantee* easy’ subtractionsevenif only ‘ counting-on’ isavailable.

For the earliest work all the dividends could be of sufficient length to help build up the ‘rythym’ of the
agorithm but, with small divisorsso al the partial-remainders can befound mentally and, in the beginning,
none are zero. A dlightly different approach would be to keep the dividends short so that individual
sums do not seem tedious and mistakes are more quickly resolved. That would require a different set of
examples from those given here, though the stages to be covered would be the same.

589144 + 4 7869285 + 5
M ake sure some examples contain azero or two inthedividend.
6507792 + 4 940704 + 6
Thenthereisthe casewherethedivisor isbigger than theleading digit of thedividend asin

436974 + 6 246883 + 7

Before doing those adecision must be made. Isazero to bewritten (abovethe4 & 2 respectively) or not?
Anargument for doing so isthat thiskeepsthe rules cons stent throughout, that thereisno need to treat the
leading digits of the dividend differently from the rest and this might go someway towardsreducing the
‘missing zerosyndrome'.

And thenturn to those definitely needing azeroin theanswer. (With small divisorsthismeanstheprevious
partia-remainder was zero.)

916104 + 7 837648 + 8

Thereisa so aneed to have some exampleswhich leave aremainder **

Theeasiest way of generating theseisto takeapreviousexamplewith aknown structureand add on something
(lessthanthedivider) tothelast digit of thedividend. Of course, if al thefore-going hasbeen absorbed, there
should be no need to take any particular carein the construction at thispoint. Hereis onewhich embodies

‘everything'.

474358305 + 9

** Sumsrequiring aremainder to befound haveauseful functionin‘ defeating’ those
whowill atempt to useaca culator. Very few arecgpableof working out theremainder
onacal culator without somehelp.

Try asking for theremainder to 84 + 37 and expect theanswer 27 (from someone
usingacdculator)

Andternativeisto givesumswherethedividendismorethan eight digitslong. Most
caculatorscannot handlethat.
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Harder Examples
Themoveisnow madeinto using bigger divisors.

A decision hasto be made at some point concerning the presentation of the a gorithm.
Whenisit to makean appearanceinitstraditional form? Thiswould beasgood aplaceasany at whichtodo
it. Remember though that it isonly avery handy way of organising thework. It could al be doneby writing
each subtraction sum down on oneside asit was needed. Some peoplework very well likethat.
For instance, the sum presented initsfull traditiona splendour on page 3, under the* The naming of the parts
couldwdll look likethis

1 6 3 rem22

58 ) 9 °4 37 196

with three small subtraction sumswritten e sewhere.

Thismay beundesirablefor severd reasons, butitisstill avaid solution and still using thebasic algorithm.
Themethod of application must not be confused with thebasic principle of theagorithm.

Assuming thetraditional layout isto be used, many will benefit considerably if
squared-paper isused asa guideto lining-up the digits.

Thefirst stageisto show that the a gorithmisstill the same even though the partial -remainders start getting
bigger. Inthefirst examplebel ow, no partial-remainder isgreater than 11. In the second example the biggest
partial-remainder is 16 (at theend) and all the subtractions can be classed aseasy.

88934762 + 14 27957581 + 23

After that itisamatter of gradually increasing the degree of difficulty of the subtractionsto be done. These
examplesare structured to that end.

79989726 + 34

98618986 + 37

73797128 + 44

78188409 + 53

159864056 + 68

655169073 + 87

595910880 + 96
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A guidetothePractice Sheets

There aretwo Practice Sheetscontaining six Sections, identified as A to F. Each section
containsforty divisonsums

Each of these sections has been wrritten in two parts. One part contains al the odd-
numbered sums, the other containsal the even-numbered sums. Asfar aspossibleit has
been doneto producetwo parallel setsof questions having the same order of difficulty
overdl. Thisalowsthework to beassigned in such away asto minimisethe opportunities
for collaboration. Assuming pupilsaredtting inpairs, thenthesmpleinstruction
“ Those on the | eft (nearest the window, or whatever) do the odd-
numbered sums, those on the right do the even-numbered sums”
amost guaranteesindividud work.

It can be useful toinform pupilswhen remaindersare not expected inthefina answer, to
serveasanindicator asto whether an answer might be correct or not. Whether to do this
or notisaloca decision. Theinformationisnot given ontheworkshest.

Section A
Divisorsaredl singledigit (4 to 9) and thereare NO remaindersthroughout this section.
Subtractionsareof increasing difficulty, withinthelimitsof suchsmall divisors.

Section B

Asfor Section A except that now MOST (but not quiteall) haveremainders. Variation
herewould beto ask only for the value of theremainder to be stated. (Thereare occasions
in mathematics when we do want to know only what the remainder is.)

Section C

All divisorslieintherange 11 to 51 (excluding multiplesof 10) andthereareNO remainders.
Starting with the easiest, the subtraction sumsincreasein difficulty as progressis made
through the section. Thereisoneclear-cut distinction: inthefirst haf nearly dl thepartial-
remaindersaresingle-digit; whileinthesecond haf they arenearly dl two-digit.

Section D
Thishasthesameoverall structureasfor Section C, except that now MOST (but not quite
al) haveremainders.

Section E

All divisorslieintherange52to 99 (excluding multiplesof 10) andthereareNO remainders.
Thesubtractionsaregeneradly much *fiercer’ and nearly al of the partia-remaindersare of
thetwo-digit variety.

Section F
Thishasthesameoveral structureasfor Section E, except that now ALL thequestions
generateremainders.
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Section A
1. 765+5
2. 845+ 5
3. 528 +4
4. 688 +4
5. 942 +6
6. 870+ 6
7. 1296 + 8
8. 1176 + 8
9. 1855 +7
10. 1666 + 7
Section B
1. 739 +4
2. 598 +4
3. 876 +5
4. 985+ 5
5. 952 +7
6. 897 +7
7. 874 +6
8. 777 +6
9. 2798 + 8
10. 3676 + 8
Section C
1. 3894 + 11
2. 4983 + 11
3. 6768 +~ 12
4. 7836 + 12
5. 7448 + 14
6. 4956 + 14
7. 3795 + 15
8. 9480 + 15
9. 8384 + 16

=
©

3856 + 16
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11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

Division Practice ~ 1

2376 + 9
3186 + 9
8442 - 6
7818 + 6
7035 + 5
8025 + 5
7532 + 7
7476 = 7
4288 + 8
3584 + 8
5967 + 8
6838 + 8
5899 + 9
6897 + 9
8412 - 6
7834 + 6
7458 + 7
7581 + 7
4724 - 8
3871 = 8
5848 + 17
5525 + 17
2250 + 18
2412 + 18
6156 + 19
8246 + 19
5166 + 21
7287 + 21
7498 + 23
5451 + 23

21.
22.
23.
24.
25.
26.
27.
28.
29.
30.

21.
22.
23.
24.
25.
26.
27.
28.
29.
30.

21.
22.
23.
24.
25.
26.
27.
28.
29.
30.

34756 + 4
28965 + 5
15894 + 6
34756 + 4
21637 + 7
48568 + 8
45963 + 9
42654 + 6
26352 + 8
46186 + 7

35142 + 4
31373+ 4
46169 + 6
45259 = 7
55609 + 8
62342 + 7
61633 +~ 7
53891 + 8
42822 + 9
52674 + 9

90376 + 26
90192 + 24
67581 + 27
87783 + 29
50176 + 32
79577 + 31
51084 + 33
53346 + 34
61128 + 36
98013 + 37

31.
32.
33.
34.
35.
36.
37.
38.
39.
40.

31.
32.
33.
34.
35.
36.
37.
38.
39.
40.

31.
32.
33.
34.
35.
36.
37.
38.
39.
40.

26352 + 8
46186 + 7
34643 + 7
53824 + 8
53790 + 6
42822 + 9
336623 + 7
234522 + 6
412101 + 9
231111 + 9
412515 + 6
332753 + 7
232311 + 8
344766 + 9
605554 + 7
512462 + 8
260412 + 9
341161 + 7
312101 = 7
161620 + 9
142155 + 39
184870 + 38
245028 + 42
261252 + 41
367349 + 43
323752 + 44
276828 + 46
141893 + 47
204357 + 51
343147 + 49



Section D

1.

=
o

© ® N o O~ wD

2947 + 12
1963 + 12
4247 + 13
8354 + 13
8121 + 15
5475 + 15
4858 + 14
9135 + 14
4172 + 17
7231 + 17

Section E

1.

=
o

© ® N o g~ ®D

142792 + 52
437091 + 53
267575 + 55
198936 + 54
159432 + 56
396036 + 57
428576 + 59
565268 + 58
460489 + 61
355198 + 62

Section F

1.

=
o

© ® N o g~ wD

279558 + 53
377807 + 52
445675 + 54
157536 + 55
187894 + 57
388783 + 56
170894 + 58
284661 + 59
462038 + 62
582085 + 61
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11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

Division Practice ~ 2

7834 + 18
9437 + 18
4451 + 19
2511 + 19
7510 + 22
9314 + 22
8946 + 21
7289 + 21
4971 + 23
9591 + 23

566592 + 64
172935 + 63
546084 + 66
557245 + 65
138288 + 67
185708 + 68
494373 + 71
297114 + 69
461376 + 72
440336 + 73

171713 + 63
183845 + 64
372152 + 65
188382 + 66
462623 + 68
471371 + 67
277811 + 69
490191 + 71
199784 + 73
573384 + 72

21.
22.
23.
24.
25.
26.
27.
28.
29.
30.

21.
22.
23.
24.
25.
26.
27.
28.
29.
30.

21.
22.
23.
24.
25.
26.
27.
28.
29.
30.

39252 + 24
70863 + 26
69596 + 28
87966 + 27
59115 + 32
85451 + 29
70516 + 34
81645 + 33
53196 + 37
60953 + 36

673134 + 77
485108 + 76
484146 + 78
492565 + 79
766536 + 82
411804 + 81
253316 + 83
795396 + 84
297818 + 86
644496 + 87

362022 + 76
491624 + 77
569381 + 79
241585 + 78
733411 + 81
699523 + 82
473836 + 84
473791 + 83
319743 + 87
408165 + 86

31.
32.
33.
34.
35.
36.
37.
38.
39.
40.

31.
32.
33.
34.
35.
36.
37.
38.
39.
40.

31.
32.
33.
34.
35.
36.
37.
38.
39.
40.

518641 + 38
715133 + 39
715605 + 42
854301 + 41
688040 + 44
711041 + 43
285731 + 47
369671 + 46
211071 + 49
494891 + 51

830014 + 89
760056 + 88
401856 + 92
214669 + 91
843231 + 93
301552 + 94
308064 + 96
203312 + 97
519453 + 99
624750 + 98

848021 + 88
343340 + 89
510383 + 91
100903 + 92
551866 + 94
354033 + 93
105253 + 97
832413 + 96
722151 + 98
351132 + 99



Multiplication tables ~ 1

2 x 1= 2 3 x 1 = 3 4 x 1 = 4
2 x 2 4 3 x 2= 06 4 x 2 = 8
2 x 3 6 3 x 3 =9 4 x 3 = 12
2 x 4 8 3 x 4 = 12 4 x 4 = 16
2 x5 10 3 x5 =15 4 x 5 = 20
2 X 6 12 3 x 6 = 18 4 x 6 = 24
2 x 7 14 3 x 7 =21 4 x [ = 28
2 x 8 16 3 x 8= 24 4 x 8 = 32
2 x 9 = 18 3 x 9 = 27 4 x 9 = 36
5 x 1= 5 6 x 1 = 6 / x 1= 7
5 x 2 10 6 x 2 12 7 x 2 14
5 x 3 15 6 X 3 18 7 x 3 21
5 x 4 20 6 X 4 24 7 x 4 28
5 x 5 25 6 X 5 30 / X 5 35
5 x 6 30 6 X 6 36 7 X 6 42
5 x 7 35 6 x 7 42 7 x 7 49
5 x 8 40 6 x 8 48 7 x 8 56
5 x 9 = 45 6 x 9 = 54 /7 x 9 = 63

8 x 1= 8 9 x 1= 09

8 x 2 16 9 x 2 18

8 x 3 24 9 x 3 27

8 x 4 32 9 x 4 36

8 x 5 40 9 x 5 45

8 X 6 48 9 x 6 54

8 x 7 56 9 x 7 63

8 x 8 64 9 x 8 72

8 x 9 = 72 9 x 9 = 81
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Multiplication tables ~ 2

14 x 1 = 14 23 x 1 = 23 34 x 1 = 34
14 x 2 = 28 23 x 2 = 46 34 x 2 = 68
14 x 3 = 42 23 x 3 = 69 34 x 3 =102
14 x 4 = 56 23 x 4 = 92 34 x 4 =136
14 x 5 = 70 23 x 5 =115 34 x 5 =170
14 x 6 = 84 23 x 6 =138 34 x 6 =204
14 x 7 = 98 23 x 7 =161 34 x [ =238
14 x 8 =112 23 x 8 =184 34 x 8 =272
14 x 9 =126 23 x 9 =207 34 x 9 =306
37 x 1 = 37 44 x 1 = 44 53 x 1 = 53
37 x 2 = 74 44 x 2 = 88 53 x 2 =106
37 x 3 =111 44 x 3 =132 53 x 3 =159
37 x 4 =148 44 x 4 =176 53 x 4 =212
37 x 5 =185 44 x 5 =220 53 x 5 =265
37 x 6 =222 44 x 6 =264 53 x 6 =318
37 x 7 =259 44 x 7 =308 53 x 7 =371
37 x 8 =296 44 x 8 =352 53 x 8 =424
37 x 9 =333 44 x 9 =396 53 x 9 =477
68 x 1 = 68 87 x 1 = 87 96 x 1 = 96
68 x 2 =136 87 x 2 =174 96 x 2 =192
68 x 3 =204 87 x 3 =261 96 x 3 =288
68 x 4 =272 87 x 4 =348 96 x 4 =384
68 x 5 =340 87 x 5 =435 96 x 5 =480
68 x 6 =408 87 x 6 =522 96 x 6 =576
68 x 7 =476 87 x 7 =609 96 x 7 =672
68 x 8 =544 87 x 8 =696 96 x 8 =768
68 x 9 =612 87 x 9 =783 96 x 9 =864
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Multiplication tables 4 - 51

4x1 = 4 5x1 = 5 6x1 = 6 7x1= 7 g8x1 = 8 9x1 = 9
4x2 = 8 5x2 = 10 6x2 = 12 7x2 = 14 8x2 = 16 9x2 = 18
4x3 = 12 5x3 = 15 6x3 = 18 7x3 = 21 8x3 = 24 9x3 = 27
4x4 = 16 5x4 = 20 6x4 = 24 7x4 = 28 8x4 = 32 9x4 = 36
4x5 = 20 5x5 = 25 6x5 = 30 7x5 = 35 8 x5 = 40 9x5 = 45
4x6 = 24 5x6 = 30 6x6 = 36 7x6 = 42 8x6 = 48 9x6 = 54
4x7 = 28 5x7 = 35 6x7 = 42 7x7 = 49 8x7 = 56 9x7 = 63
4x8 = 32 5x8 = 40 6x8 = 48 7x8 = 56 8x8 = 64 9x8 = 72
4x9 = 36 5x9 = 45 6x9 = 54 7x9 = 63 8x9 = 72 9x9 = 81
10x1 = 10 nx1 =1 12x1 = 12 13x1 = 13 14x1 = 14 15x1 = 15
10x2 = 20 1 x2 = 22 12x2 = 24 13x2 = 26 14 x2 = 28 15 x2 = 30
10 x 3 = 30 11 x3 = 33 12 x3 = 36 13 x3 = 39 14 x3 = 42 15 x 3 = 45
10x4 = 40 11 x4 = 44 12 x4 = 48 13 x4 = 52 14 x 4 = 56 15 x 4 = 60
10 x5 = 50 11 x5 = 55 12 x5 = 60 13 x5 = 65 14 x5 = 70 15x5 = 75
10x6 = 60 11 x6 = 66 12x6 = 72 13x6 = 78 14 x 6 = 84 15 x 6 = 90
10x7 = 70 1nx7 = 77 12x7 = 84 13x7 = 91 14 x7 = 98 15 x 7 =105
10x8 = 80 11 x8 = 88 12x8 = 96 13 x 8 =104 14 x 8 = 112 15 x 8 =120
10x9 = 90 11x9 = 99 12 x 9 =108 13 x 9 =117 14 x 9 =126 15 x 9 =135
16x1 = 16 17 x1 = 17 18x1= 18 19x1= 19 20x1= 20 20x1 = 21
16 x2 = 32 17x2 = 34 18x2 = 36 19x2 = 38 20 x 2 = 40 20 x 2 = 42
16 x 3 = 48 17x3 = 51 18 x 3 = 54 19 x3 = 57 20x3 = 60 21 x3 = 63
16 x 4 = 64 17 x4 = 68 18x4 = 72 19x4 = 76 20 x 4 = 80 21 x 4 = 84
16 x5 = 80 17 x5 = 85 18 x 5 = 90 19 x5 = 95 20 x 5 = 100 21 x5 = 105
16 x6 = 96 17 x 6 = 102 18 x 6 = 108 19 x 6 = 114 20 x 6 = 120 21 x 6 = 126
16 x 7 = 112 17 x 7 = 119 18 x 7 = 126 19 x 7 = 133 20 x 7 = 140 21 x 7 = 147
16 x 8 =128 17 x 8 = 136 18 x 8 = 144 19 x 8 = 152 20 x 8 = 160 21 x 8 = 168
16 x 9 = 144 17 x 9 = 153 18 x 9 = 162 19 x 9 = 171 20 x 9 = 180 21 x 9 = 189
2x1= 22 23x1 = 23 24 x 1 = 24 25x1 = 25 26x1 = 26 27 x1 = 27
22 x2 = 44 23 x2 = 46 24 x 2 = 48 25 x2 = 50 26 x2 = 52 27 x 2 = 54
22 x3 = 66 23 x3 = 69 24 x3 = 72 25x3 = 75 26 x3 = 78 27 x3 = 81
22 x4 = 88 23 x4 = 92 24 x 4 = 96 25 x 4 = 100 26 x 4 = 104 27 x 4 = 108
22 x 5 = 110 23 x5 = 115 24 x 5 = 120 25 x5 = 125 26 x 5 = 130 27 x5 = 135
22 x 6 = 132 23 x 6 = 138 24 x 6 = 144 25 x 6 = 150 26 x 6 = 156 27 x 6 = 162
22 x 7 = 154 23 x 7 = 161 24 x 7 = 168 25 x 7 = 175 26 x 7 = 182 27 x 7 = 189
22 x 8 = 176 23 x 8 = 184 24 x 8 = 192 25 x 8 = 200 26 x 8 = 208 27 x 8 = 216
22 x 9 = 198 23 x 9 = 207 24 x 9 = 216 25 x 9 = 225 26 x 9 = 234 27 x 9 = 243
28 x 1 = 28 29 x1 = 29 30 x1 = 30 31x1= 31 32x1= 32 33x1= 33
28 x 2 = 56 29 x 2 = 58 30 x2 = 60 31x2 = 62 32 x2 = 64 3x2 = 66
28 x 3 = 84 29 x 3 = 87 30 x3 = 90 31x3 = 93 322x3 = 96 33x3 = 99
28 x 4 = 112 29 x 4 = 116 30 x 4 = 120 31 x 4 = 124 32 x 4 = 128 33 x 4 = 132
28 x 5 = 140 29 x 5 = 145 30 x 5 = 150 31 x5 = 155 32 x 5 = 160 33 x5 = 165
28 x 6 = 168 29 x 6 = 174 30 x 6 = 180 31 x 6 = 186 32 x 6 = 192 33 x 6 = 198
28 x 7 = 196 29 x 7 = 203 30 x 7 = 210 31 x 7 = 217 32 x 7 = 224 33 x7 =231
28 x 8 = 224 29 x 8 = 232 30 x 8 = 240 31 x 8 = 248 32 x 8 = 256 33 x 8 = 264
28 x 9 = 252 29 x 9 = 261 30 x 9 = 270 31 x 9 = 279 32 x 9 = 288 33 x 9 = 297
34 x1 = 34 35 x1 = 35 36 x1= 36 37 x1 = 37 38x1= 38 39 x1 = 39
34 x2 = 68 35x2 = 70 36 x2= 72 37 x2 = 74 38x2= 76 39x2 = 78
34 x 3 = 102 35 x 3 = 105 36 x 3 = 108 37 x3 = 11 38 x 3 = 114 39 x 3 = 117
34 x 4 = 136 35 x 4 = 140 36 x 4 = 144 37 x 4 = 148 38 x 4 = 152 39 x 4 = 156
34 x 5 = 170 35 x 5 = 175 36 x 5 = 180 37 x5 = 185 38 x 5 = 190 39 x 5 = 195
34 x 6 = 204 35 x 6 = 210 36 x 6 = 216 37 x 6 = 222 38 x 6 = 228 39 x 6 = 234
34 x 7 = 238 35 x 7 = 245 36 x 7 = 252 37 x 7 = 259 38 x 7 = 266 39 x 7 = 273
34 x 8 = 272 35 x 8 = 280 36 x 8 = 288 37 x 8 = 296 38 x 8 = 304 39 x 8 = 312
34 x 9 = 306 35 x 9 = 315 36 x 9 = 324 37 x 9 = 333 38 x 9 = 342 39 x 9 = 351
40 x 1 = 40 41x1 = 41 42 x 1 = 42 43 x 1 = 43 44 x 1 = 44 45 x 1 = 45
40 x 2 = 80 41 x2 = 82 42 x 2 = 84 43 x2 = 86 44 x 2 = 88 45 x 2 = 90
40 x 3 = 120 41 x 3 = 123 42 x 3 = 126 43 x 3 = 129 44 x 3 = 132 45 x 3 = 135
40 x 4 = 160 41 x 4 = 164 42 x 4 = 168 43 x 4 = 172 44 x 4 = 176 45 x 4 = 180
40 x 5 = 200 41 x 5 = 205 42 x 5 = 210 43 x 5 = 215 44 x 5 = 220 45 x 5 = 225
40 x 6 = 240 41 x 6 = 246 42 x 6 = 252 43 x 6 = 258 44 x 6 = 264 45 x 6 = 270
40 x 7 = 280 41 x 7 = 287 42 x 7 = 294 43 x 7 = 301 44 x 7 = 308 45 x 7 = 315
40 x 8 = 320 41 x 8 = 328 42 x 8 = 336 43 x 8 = 344 44 x 8 = 352 45 x 8 = 360
40 x 9 = 360 41 x 9 = 369 42 x 9 = 378 43 x 9 = 387 44 x 9 = 396 45 x 9 = 405
46 x 1 = 46 47 x 1 = 47 48 x 1 = 48 49 x 1 = 49 50 x 1 = 50 51 x1 = 51
46 x 2 = 92 47 x 2 = 94 48 x 2 = 96 49 x 2 = 98 50 x 2 = 100 51 x 2 = 102
46 x 3 = 138 47 x 3 = 141 48 x 3 = 144 49 x 3 = 147 50 x 3 = 150 51 x 3 = 153
46 x 4 = 184 47 x 4 = 188 48 x 4 = 192 49 x 4 = 196 50 x 4 = 200 51 x 4 = 204
46 x 5 = 230 47 x 5 = 235 48 x 5 = 240 49 x 5 = 245 50 x 5 = 250 51 x 5 = 255
46 x 6 = 276 47 x 6 = 282 48 x 6 = 288 49 x 6 = 294 50 x 6 = 300 51 x 6 = 306
46 x 7 = 322 47 x 7 = 329 48 x 7 = 336 49 x 7 = 343 50 x 7 = 350 51 x 7 = 357
46 x 8 = 368 47 x 8 = 376 48 x 8 = 384 49 x 8 = 392 50 x 8 = 400 51 x 8 = 408
46 x 9 = 414 47 x 9 = 423 48 x 9 = 432 49 x 9 = 441 50 x 9 = 450 51 x 9 = 459
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Multiplication tables 52 -99

52 x 1 = 52 53 x 1 = 53 54 x 1 = 54 55 x 1 = 55 56 x 1 = 56 57 x1 = 57
52 x 2 = 104 53 x 2 = 106 54 x 2 = 108 55 x 2 = 110 56 x 2 = 112 57 x 2 = 114
52 x 3 = 156 53 x 3 = 159 54 x 3 = 162 55 x 3 = 165 56 x 3 = 168 57 x 3 =171
52 x 4 = 208 53 x 4 = 212 54 x 4 = 216 55 x 4 = 220 56 x 4 = 224 57 x 4 = 228
52 x 5 = 260 53 x 5 = 265 54 x 5 = 270 55 x 5 = 275 56 x 5 = 280 57 x 5 = 285
52 x 6 = 312 53 x 6 = 318 54 x 6 = 324 55 x 6 = 330 56 x 6 = 336 57 x 6 = 342
52 x 7 = 364 53 x 7 = 371 54 x 7 = 378 55 x 7 = 385 56 x 7 = 392 57 x 7 = 399
52 x 8 = 416 53 x 8 = 424 54 x 8 = 432 55 x 8 = 440 56 x 8 = 448 57 x 8 = 456
52 x 9 = 468 53 x 9 = 477 54 x 9 = 486 55 x 9 = 495 56 x 9 = 504 57 x 9 = 513
58 x 1 = 58 59 x 1 = 59 60 x 1 = 60 61 x1 = 61 62 x1 = 62 63 x 1 = 63
58 x 2 = 116 59 x 2 = 118 60 x 2 = 120 61 x 2 = 122 62 x 2 = 124 63 x 2 = 126
58 x 3 = 174 59 x 3 = 177 60 x 3 = 180 61 x 3 = 183 62 x 3 = 186 63 x 3 = 189
58 x 4 = 232 59 x 4 = 236 60 x 4 = 240 61 x 4 = 244 62 x 4 = 248 63 x 4 = 252
58 x 5 = 290 59 x 5 = 295 60 x 5 = 300 61 x 5 = 305 62 x 5 = 310 63 x 5 = 315
58 x 6 = 348 59 x 6 = 354 60 x 6 = 360 61 x 6 = 366 62 x 6 = 372 63 x 6 = 378
58 x 7 = 406 59 x 7 = 413 60 x 7 = 420 61 x 7 = 427 62 x 7 = 434 63 x 7 = 441
58 x 8 = 464 59 x 8 = 472 60 x 8 = 480 61 x 8 = 488 62 x 8 = 496 63 x 8 = 504
58 x 9 = 522 59 x 9 = 531 60 x 9 = 540 61 x 9 = 549 62 x 9 = 558 63 x 9 = 567
64 x1 = 64 65 x1 = 65 66 x 1 = 66 67 x1 = 67 68 x 1 = 68 69 x 1 = 69
64 x 2 = 128 65 x 2 = 130 66 x 2 = 132 67 x 2 = 134 68 x 2 = 136 69 x 2 = 138
64 x 3 = 192 65 x 3 = 195 66 x 3 = 198 67 x 3 = 201 68 x 3 = 204 69 x 3 = 207
64 x 4 = 256 65 x 4 = 260 66 x 4 = 264 67 x 4 = 268 68 x 4 = 272 69 x 4 = 276
64 x5 = 320 65 x 5 = 325 66 x 5 = 330 67 x 5 = 335 68 x 5 = 340 69 x 5 = 345
64 x 6 = 384 65 x 6 = 390 66 x 6 = 396 67 x 6 = 402 68 x 6 = 408 69 x 6 = 414
64 x 7 = 448 65 x 7 = 455 66 x 7 = 462 67 x 7 = 469 68 x 7 = 476 69 x 7 = 483
64 x 8 = 512 65 x 8 = 520 66 x 8 = 528 67 x 8 = 536 68 x 8 = 544 69 x 8 = 552
64 x 9 = 576 65 x 9 = 585 66 x 9 = 594 67 x 9 = 603 68 x 9 = 612 69 x 9 = 621
70x1 = 70 71 x1 = 71 72 x1 = 72 73 x1 = 73 74 x1 = 74 75 x1 = 75
70 x 2 = 140 71 x 2 = 142 72 x 2 = 144 73 x 2 = 146 74 x 2 = 148 75 x 2 = 150
70 x 3 = 210 71 x 3 = 213 72 x 3 = 216 73 x 3 = 219 74 x 3 = 222 75 x 3 = 225
70 x 4 = 280 71 x 4 = 284 72 x 4 = 288 73 x 4 = 292 74 x 4 = 296 75 x 4 = 300
70 x 5 = 350 71 x 5 = 355 72 x 5 = 360 73 x 5 = 365 74 x 5 = 370 75 x5 = 375
70 x 6 = 420 71 x 6 = 426 72 x 6 = 432 73 x 6 = 438 74 x 6 = 444 75 x 6 = 450
70 x 7 = 490 71 x 7 = 497 72 x 7 = 504 73 x 7 = 511 74 x 7 = 518 75 x 7 = 525
70 x 8 = 560 71 x 8 = 568 72 x 8 = 576 73 x 8 = 584 74 x 8 = 592 75 x 8 = 600
70 x 9 = 630 71 x 9 = 639 72 x 9 = 648 73 x 9 = 657 74 x 9 = 666 75 x 9 = 675
76 x1 = 76 777 x1 = 77 78 x 1 = 78 79 x1 = 79 80 x1 = 80 81l x1 = 81
76 x 2 = 152 77 x 2 = 154 78 x 2 = 156 79 x 2 = 158 80 x 2 = 160 81 x 2 = 162
76 x 3 = 228 77 x 3 = 231 78 x 3 = 234 79 x 3 = 237 80 x 3 = 240 81 x 3 = 243
76 x 4 = 304 77 x 4 = 308 78 x 4 = 312 79 x 4 = 316 80 x 4 = 320 81 x 4 = 324
76 x 5 = 380 77 x 5 = 385 78 x 5 = 390 79 x 5 = 395 80 x 5 = 400 81 x 5 = 405
76 x 6 = 456 77 x 6 = 462 78 x 6 = 468 79 x 6 = 474 80 x 6 = 480 81 x 6 = 486
76 x 7 = 532 77 x 7 = 539 78 x 7 = 546 79 x 7 = 553 80 x 7 = 560 81 x 7 = 567
76 x 8 = 608 77 x 8 = 616 78 x 8 = 624 79 x 8 = 632 80 x 8 = 640 81 x 8 = 648
76 x 9 = 684 77 x 9 = 693 78 x 9 = 702 79 x 9 = 711 80 x 9 = 720 81l x 9 =729
82 x1 = 82 83 x1 = 83 84 x1 = 84 85 x1 = 85 86 x1 = 86 87 x1 = 87
82 x 2 = 164 83 x 2 = 166 84 x 2 = 168 85 x 2 = 170 86 x 2 = 172 87 x 2 =174
82 x 3 = 246 83 x 3 = 249 84 x 3 = 252 85 x 3 = 255 86 x 3 = 258 87 x 3 = 261
82 x 4 = 328 83 x 4 = 332 84 x 4 = 336 85 x 4 = 340 86 x 4 = 344 87 x 4 = 348
82 x 5 = 410 83 x 5 = 415 84 x 5 = 420 85 x 5 = 425 86 x 5 = 430 87 x5 = 435
82 x 6 = 492 83 x 6 = 498 84 x 6 = 504 85 x 6 = 510 86 x 6 = 516 87 x 6 = 522
82 x 7 = 574 83 x 7 = 581 84 x 7 = 588 85 x 7 = 595 86 x 7 = 602 87 x 7 = 609
82 x 8 = 656 83 x 8 = 664 84 x 8 = 672 85 x 8 = 680 86 x 8 = 688 87 x 8 = 696
82 x 9 = 738 83 x 9 = 747 84 x 9 = 756 85 x 9 = 765 86 x 9 = 774 87 x 9 = 783
88 x 1 = 88 89 x1 = 89 90 x 1 = 90 91 x 1 = 91 92 x 1 = 92 93 x 1 = 93
88 x 2 = 176 89 x 2 = 178 90 x 2 = 180 91 x 2 = 182 92 x 2 = 184 93 x 2 = 186
88 x 3 = 264 89 x 3 = 267 90 x 3 = 270 91 x 3 = 273 92 x 3 = 276 93 x 3 = 279
88 x 4 = 352 89 x 4 = 356 90 x 4 = 360 91 x 4 = 364 92 x 4 = 368 93 x 4 = 372
88 x 5 = 440 89 x 5 = 445 90 x 5 = 450 91 x 5 = 455 92 x 5 = 460 93 x 5 = 465
88 x 6 = 528 89 x 6 = 534 90 x 6 = 540 91 x 6 = 546 92 x 6 = 552 93 x 6 = 558
88 x 7 = 616 89 x 7 = 623 90 x 7 = 630 91 x 7 = 637 92 x 7 = 644 93 x 7 = 651
88 x 8 = 704 89 x 8 = 712 90 x 8 = 720 91 x 8 = 728 92 x 8 = 736 93 x 8 = 744
88 x 9 = 792 89 x 9 = 801 90 x 9 = 810 91 x 9 = 819 92 x 9 = 828 93 x 9 = 837
94 x 1 = 94 95 x 1 = 95 96 x 1 = 96 97 x 1 = 97 98 x 1 = 98 99 x 1 = 99
94 x 2 = 188 95 x 2 = 190 96 x 2 = 192 97 x 2 = 194 98 x 2 = 196 99 x 2 = 198
94 x 3 = 282 95 x 3 = 285 96 x 3 = 288 97 x 3 = 291 98 x 3 = 294 99 x 3 = 297
94 x 4 = 376 95 x 4 = 380 96 x 4 = 384 97 x 4 = 388 98 x 4 = 392 99 x 4 = 396
94 x5 = 470 95 x 5 = 475 96 x 5 = 480 97 x 5 = 485 98 x 5 = 490 99 x 5 = 495
94 x 6 = 564 95 x 6 = 570 96 x 6 = 576 97 x 6 = 582 98 x 6 = 588 99 x 6 = 594
94 x 7 = 658 95 x 7 = 665 96 x 7 = 672 97 x 7 = 679 98 x 7 = 686 99 x 7 = 693
94 x 8 = 752 95 x 8 = 760 96 x 8 = 768 97 x 8 = 776 98 x 8 = 784 99 x 8 = 792
94 x 9 = 846 95 x 9 = 855 96 x 9 = 864 97 x 9 = 873 98 x 9 = 882 99 x 9 = 891
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Appendix 1
A Parliamentary Division

In 1866, inthe House of Commonsin the United Kingdom, aReform Bill wasbeing debated which
was aimed at giving the vote to many hundreds of thousands of men'. One of the arguments concerned
whether or not the vote should only be given to those who could pass some sort of educationd test. Thethen
Chancellor of the Exchequer (William Gladstone) was against thisideaand, during the course of hisspeech,
sd

“Putting ad de subtraction and multiplication, | shouldliketo know how many of thelabouring
classescan passan examinationindivision of money, or how many membersof thishouse
can passsuch an examination. If | givethesum of £1,330 17s6d and tell membersof this
Housetodivideit by £2 13s8d | want to know how many woulddoit.”

Mr Hunt: Six hundred and fifty eight.?

The Chancellor of the Exchequer: There are not three or four in thisHouse who could
doit. I would day therearenot thirty or forty, without theleast fear of contradiction. | will
go further and say it isnot necessary that they should; and that they may be admirable
membersof thisHousewithout being ableto work suchasum.

Lord Robert Montagu: You cannot divide by £2 13s8d. [Laughter]

The Chancellor of the Exchequer: Oneillustration isbetter than athousand arguments.
ThenobleLordisoneof themore promising financial membersof theHouseand hetells
uspositively that division of money isathing that cannot be done.

L ater, Lord Montagu offered thisexplanation of what hehad really meant:

“With regard to the sum of divisionwhich the Right Honourable Gentleman has suggested,
It was quite possibleto dividethe sum of money, but not by money. How could onedivide
money by £2 13s8d? The question might be asked," How many times 2 shillingswill go
into£17 but that wasnot dividing by money; it wassimply dividing 20 by 2. Hemight be
asked, ‘How many timeswill 6s 8d go into apound? , but that was merely dividing
240 by 80.”

1 ThisBill waseventually passed in 1867 giving the vote to about another one-million men, but
still excluding many. Reform Bills of later yearsgradually increased the number of men eligible
tovote. Women (after abitter strugglelasting over 50 years) werefinally giventhevotein 1918,
and then only those over 30 years of age and falling within certain categories. They did not
achieve parity with men until 1928. This may be contrasted with New Zealand where women
had had the right to vote from 1893, and Australiasince 1901.

2Thiswas the number of MP'sin the House of Commons

Author'sreminiscence
My primary/secondary schooling took place during the period 1935 to 1945, when the use of calcul ators of
any sort wasunknownin schools, and all arithmetic wasdone* by hand’, (logarithmsinthelater stages).
Oneof my strongest memoriesof thosedaysisof doing massivesumssuch as

3 tons 14 cwt 5 stones 9 pounds + 3 cwt 2 stones 4 pounds 5 ounces
andthereweresmilar thingsfor length, area, weight, capacity, aswell asmoney, just like Gladstonesexample
above. Therewereaso anawful ot of them! | quiteliked them, but then | wasgood at arithmetic, | do not
recal my enthusiasm being shared by many of my fellow pupils.
Of coursewead so did sumswherethedivisor wasanumber, but they arealittle easier because unitsare dealt
with asthey arise and you do not have reduce both to acommon unit before starting work on thedivision. So,
| appreciated that partition was ' better’ than quotition evenif | did not know what they were called.
Asusual thishad little to do with what happened inthereal world. There, the peoplewho had reason to
actually need such thingsused * Ready Reckoners’ of which there hundredsto choosefrom for all sortsof
purposes.
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